Abstract We present the first application in geodynamics of a (Fast Multipole) Accelerated Boundary Element Method (Accelerated-BEM) for Stokes flow. The approach offers the advantages of a reduced number of computational elements and linear scaling with the problem size. We show that this numerical method can be fruitfully applied for the simulation of several geodynamic systems at the planetary scale in spherical coordinates, and we suggest a general approach for modeling combined mantle convection and plate tectonics. The first part of the paper is devoted to the technical exposition of the new approach, while the second part focuses on the effect played by Earth curvature on the subduction of a very wide oceanic lithosphere (W = 6,000 km and W = 9,000 km), comparing the effects of two different planetary radii (ER = 6,371 km, 2ER = 2 9 6,371 km), corresponding to an ''Earth-like'' model (ER) and to a ''flat Earth'' one (2ER). The results show a distinct difference between the two models: while the slab on a ''flat Earth'' shows a slight undulation, the same subducting plate on the ''Earth-like'' setting presents a dual behavior characterized by concave curvature at the edges and by a folding with wavelength of the order of magnitude of 1,000 km at the center of the slab.
Introduction
Mantle geodynamics is the study of the planetary solid phase evolution at large time scales, typically T [ O(1 Ma). When the differential temperature and mantle thickness results in a sufficiently high Rayleigh number the mantle naturally convects, as it usually happens in terrestrial planets. On Earth, however, this process is superposed to the unique way Earth regenerates its surface through the subduction into the mantle of its shallowest thin layer, called lithosphere (h litho = O(100 km) ( h mantle = O(3,000 km)), which is generated at mid-ocean ridges.
The driving force on tectonic plates is the pull of the highly viscous subducting slabs while the driving mechanism of mantle convection is the differential temperature between the core mantle boundary and the earth surface [3, 7, 8, 9] . The short term (O(100 Ma)) expression of plate tectonics and the long term (O(1 Ga)) cooling of the Earth are due to the combined forcing from the top and the bottom [26, 36, 42] . In this manuscript, we model the dynamics of the largest tectonics plates, neglecting the slower global mantle flow.
The distribution of Earth plates size follows a power law [2, 34] of 0.25, implying that plate tectonics is dominated by the largest plates. When strong inner heterogeneities are not present, plate size and therefore trench width must have a fundamental role in subduction and, as a consequence of the power law scaling, the widest trenches must control the global process. Observation shows that most of the trenches on Earth are caused by the subduction of three plates: Pacific, Nazca and Indian. Their trenches are segmented in ''arcs'', whose total length is of the order of O(10 4 km), comparable to planetary size [20, 33] . Recent works have addressed the role of plate size in subduction [32, 35] and the role of the width of segmented arc [22, 24] . They concluded that the inner heterogeneities are mostly important for shaping each trench segment (up to 2,000 km), while very long trenches (over 4,000 km) interact strongly with the mantle and display a kinematics characterized by low trench retreat and fast subduction velocities. Earth curvature has a negligible effect on the morphology and kinematics of the single arc [24] but it has not yet been established whether it has an effect on the widest subduction zones, and what sort of effect.
Capitanio et al. [4] has recently shown that the subduction rate is controlled by the transformation of potential energy _ E ¼ Dqg _ r into heat. This dissipation is a function of both the effective viscosity and deformation rate, D ¼ 1=2 R l_ 2 ; and is partitioned between the lithosphere and
where the lithospheric viscosity is two to four orders of magnitude higher than the mantle viscosity. As a consequence, the mantle dissipation is caused by the viscous drag exerted by the mantle on the lithosphere, which thus controls the sinking rate [13] , while the lithospheric dissipation is rather concentrated at the bending trench. This balance between energy dissipated inside the slab and outside the slab is expected to generate complexities for very wide slabs. We follow a conceptual approach similar to [4] , but a completely different numerical approach, in order to obtain some insights into the complexities arising from the presence of the Earth curvature alone.
Most of the geodynamical codes are limited in the geometry (Cartesian box), by the difficulty in handling the sharp change of viscosity at the lithospheric scale (from O(10 25 Pa s) to O(10 20 Pa s) within 25 km), in implementing a free surface, and in implementing in one code the very diverse scales involved in subduction (the thickness of the fault at the trench is O(100 m)), with the planetary scale O(10 4 km) [23] . An ideal numerical approach for solving global geodynamics should be able to reproduce all such diverse components and their effects in a multi-scale framework and in spherical global coordinates. The method that we introduce in this paper is an innovative (Fast Multipole) Accelerated Boundary Element Method (Accelerated-BEM): a tool suitable for studying the largest subduction systems in a spherical setting. In order to avoid confusion, we want to emphasize that this approach is completely different from the one put forward in [23] by the first author of this work where two numerical approaches (finite element and boundary element) were joined. Here a more sophisticated and faster implementation of exclusively the Boundary Element Method, without coupling with any other code, is employed for the first time to analyze the subduction of very large plates, including the Pacific, Nazca, Indian, Farallon, and Thetis plates.
Fundamental equations
Most numerical approaches used for modeling geodynamics adopt several assumptions in order to simplify the flow equations to solve, neglecting the effects of elasticity and compressibility. Material properties from laboratory experiments generally convey an effective viscosity l eff (T,C) function of temperature and composition, which compresses the local relationship between stress and strain rate in one number:
The Stokes equations comprise the momentum conservation and incompressibility condition
where b is the body force vector. In this paper, we consider how to employ Accelerated-BEM for solving exclusively the Stokes and incompressibility equations. For our problem, this amounts to subdividing the mantle into several closed regions, each characterized by an effective temperature and composition and thus a constant viscosity. When such an approximation is acceptable, it is possible to rewrite (2) and (3) 10 9 ), and will be more advantageous with increasing computational power. Furthermore this approach allows to mesh the different surfaces with very different resolutions and to refine the zone of interest with a denser number of surfaces.
Boundary formulation of Stokes fluids interfaces

Boundary equations
We consider Stokes flow as described by (2) and (3) . Assuming a constant l in each domain, the velocity of each point inside the domain can be written as a sum of two surface integrals [25] , called single and double layer integrals, respectively, representing the effects of the forcing r ik (x) n k and velocity u i (x)
where G ij and T ijk are the steady Green's functions for velocity and stress respectively, also known as the Stokeslet and the Stresslet
Simple formulation with N ''democratic'' layers
Let us consider N domains as in Fig. 1 , each of which is defined by a density q i and viscosity l i . The approach is called ''democratic'' because it is assumed that all domains are embedded in a background fluid of density q o and viscosity l o , as in the approach of [21, 25] . As a consequence, the relative material properties are defined as:
If the only active force is gravitational buoyancy, the jump at the interface can be written as Df = Dq(bÁx)Án. We follow here the approach of Pozrikidis [25] , which recalls the original formulation of [41] . Equation (4) yields for the velocity inside each domain D i
while the velocity in the background outside all the domains D i can be written using a symmetrical formulation
If we let the point x o converge to the boundary and consider the principal value (PV) for diverging terms ðTÞ; we obtain the velocity at the interface
which can be discretized in boundary elements (also called Panels).
Numerical method
The surfaces S i in Fig. 1 and the supported quantities u, Df ,… are discretized with boundary elements (or panels). The boundary integral Equation 5, thus becomes a linear system
Many approaches carry out the construction of the matrix; this scales as N panels 2 both memory-and computation timewise though, making it impractical for large systems.
We use a Fast Multipole Method (Accelerated BEM) [1, 14, 40] for the evaluation of the integrals in (5). The Accelerated algorithm scales as N log(N), which is far more tractable and still allows the use of a Generalized Minimized Residual Method (GMRES) or any Krylov space-based method that does not rely on the storage of the full matrix.
A multipole method exploits the decay of the kernel to convolve and makes a controlled approximation. More explicitly, let us compute A ''democratic'' structure of the boundaries is employed, requiring the solution of a distinct set of equations described in Sect. 3. ''Democratic'' stands for the fact that all surfaces bound a same background domain. This is indicated by the arrows ''Normal'', all directing toward the upper mantle, the background domain in the setup employed in this work. The numerical solution requires the absolute density and viscosity of the upper mantle and the relative densities and viscosities of the other domains, defined as differential densities and viscosity ratios through the surfaces (i.e. Earth surface, Lithosphere and upper-lower mantle transition in the present setup). A very thin layer divides the Earth surface from the lithosphere; the numerical treatment of these contacting surfaces is described in the text. The ''democratic'' setting allows a great simplification of the equations to solve compared to a general one
We consider the contribution from D i , a part of D that is far enough from our evaluation point x o , and proceed with a Taylor expansion of the kernel
We note that the equation involves successive moments of the q distribution in D i . The accelerated algorithm thus sorts the sources in a tree structure whose cells contain the moment integrals-or multipoles-and carries out a field evaluation through a tree traversal. The refinement of the interactions is determined by a tree traversal stopping criterion based on a prescribed tolerance. The reader is referred to [1, 14, 40] for general information on multipole methods and the work of Tornberg and Greengard [37] for the transposition of harmonic multipoles to the evaluation of the Stokeslet and Stresslet. The present accelerated code can handle convolutions with the Green's functions for the Poisson equation, the Stokeslet or the Stresslet. It employs up to the second order moments of the source distributions (quadrupoles).
Performance
The Fast Multipole algorithm drastically improves the computational cost of the Boundary Element Method. Figure 2 shows the computation time of a time step for a viscous sphere under gravity for several tolerances and resolutions. For the coarse resolutions, the method displays the nominal N 2 scaling of a direct interaction code. This is attributed to the relatively few elements and tree cells. The scaling then quickly approaches a nearly linear one (N log(N)) for the finer resolutions.
The Accelerated-BEM has been parallelized using MPI. Figure 3 shows the parallel efficiency tested on a Opteron cluster with Quadrics connections. The scaling is very good up to 64 CPUs, still keeping 90% efficiency. In its current implementation, the Accelerated-BEM uses a shared tree, thus reducing the communication load at the expense of memory requirements.
Time evolution
The solver employs a smoothed explicit scheme:
The system (10) has some degenerate eigenvalues, which correspond to the rigid translation and rotation of the whole problem: their eigenmodes are numerically inhibited. Additionally, the conservation of mass/volume can be affected by a numerical drift, corresponding to all the spherical eigenmodes, which are handled with additional constraints and damping.
The model then requires about 20 increments to stabilize and damp the first modes while the whole simulation performs in about 400 increments. An alternative approach for inhibiting the eigenmodes is to use an iterative implicit solver of the form x tþDt ¼ x t þ 1 2 ðv tþDt þ v t ÞDt; now in a testing phase.
Contact algorithm
During the evolution of the system the surfaces can enter in contact. An adaptive mesh algorithm has been implemented in order to avoid that surfaces could cross each other. The contact algorithm checks that the surfaces cannot be closer then a certain critical distance h crit . The actual implementation requires a predefined Master-Slave hierarchy between the surfaces. At each time step the nodes of the Slave surface that are close to the critical distance are displaced at the critical distance itself (distances are all defined at the closest element of the master surface). In all the models proposed in this paper, the slave surface is chosen as the one that confines with the lowest viscosity. Typically, the critical distance is chosen equal to one third of the size of the contact elements. If the distance is too low, instabilities arise during the computation and if it is too high the contact between the two surfaces is not properly calculated. The parallelization of the contact algorithm is still a work in progress. With the actual implementation the time required for the contact is so small compared to the rest that it is not yet a priority, but in light of a massive parallel implementation this should be done.
Modeling subduction with accelerated-BEM setting
Subduction is the process through which a highly viscous (O(10 2 )l UM ) and heavy plate (1-3% of viscosity increase) enters into the Earth. Laboratory and numerical models [5, 10, 12, 15, 16, 18, 19, 29, 31] have shown that the process is mainly controlled by the interaction of the lithosphere with the surface and is one-sided, characterized by an unsubducted plate overlapping the subducting plate. Seismic tomography and Benioff Zone studies have shown that they penetrate down into the mantle assuming complex shapes [6, 11, 17, 38, 39] . We assume that three fundamental forces control the subduction process: the lithosphere-mantle-air/water buoyancy difference, the viscous resistance of the mantle to the plate motion and the resistance to bending and stretching of the lithosphere itself.
Buoyancy difference arises from the density difference between the bottom and the top of the plate, of the mantle and air/water, respectively. This property is critical in subduction as it prevents the unsubducted plate from sinking straight down [12] . The contact algorithm described in the prior section takes care of this effect, as the contact algorithm automatically adapts the free-surface to the lithospheric topography, generating a physically consistent Archimedes force. The radial displacement due to the movements of the free surface compares well with the expected isostatic equilibrium, as below an 80-km thick lithosphere 3 km of subsidence are obtained as model results.
The resistance to bending and stretching of the lithosphere itself is controlled by its very diverse and complex inner rheology. Simplified models of the internal distribution of strength of an oceanic lithosphere display a peak at 30-40 km depth, where all the strength of the lithosphere is stored [4, 27, 28] . In this work, the overall resistance to bending and stretching is parameterized by an effective uniform layer with a viscosity two orders of magnitude higher than that of the mantle.
BEM solvers work equally well with uniform and nonuniform mesh. In order to profit from this property, a better refined mesh is imposed around the region where the plate subducts at the beginning of the simulation. The implementation of subduction at the global scale in a uniform Earth is obtained using only three surfaces, one delimiting the Earth surface, the second the lithosphere-mantle boundary and the third the boundary between an upper less viscous mantle and a lower 30 times more viscous mantle. We use the democratic boundary integral formulation (9) sketched in Fig. 1 .
The reference viscosity l 0 of Eq. 9 is the upper mantle effective viscosity l UM ; k 1 = l Ocean /l UM is virtually null, being the ratio between the viscosities of ocean (water) and the upper mantle; k 2 = l Litho /l UM is the ratio between the lithosphere and upper mantle viscosities; k 3 = l LM /l UM is the ratio between the lower and upper mantle viscosities. We define Df on surfaces 1, 2 and 3 in the same fashion; they are equal to the difference between ocean (water) and upper mantle densities, the difference between the lithosphere and upper mantle densities and the difference between lower and upper mantle densities
where r is the length of x, g is the gravity acceleration (10 m 2 /s) and gravity is assumed constant and radial b = -g x/r.
The solution of Eq. 9 with the parameters described above is shown in Fig. 4 . The plots illustrate the simulation of subduction of a large plate, (6,000 km 9 6,000 km), 80 km thick, with a mantle 3,000 km thick. In order to avoid the complications that are displayed in the next section, the plate boundary is ''cut'' in a Cartesian square, so the trench is initially already concave and it remains concave for all the simulations. The plots of Fig. 4 show how the trench is automatically emerging out of the model setup, where the plate sinks faster and an upwelling arises in front of the trench, displacing the mantle in a broad region. Test on the free surface show an equivalent depression of 3 km over the oceanic plate, as predicted by isostatic equilibrium. The evolution of subdction shows a non-trivial partitioning between plate sinking, trench retreat and plate advance, which needs further investigation.
5 Role of Earth curvature on the subduction of very wide plates
Setup
In Fig. 4 the slab morphology is very simple, accommodating the reduced space available with depth with a uniform bending. In this section, we propose several models with a wide plate (W = 6,000 km and W = 9,000 km) and a transition to a highly viscous mantle at a predefined depth. Differently from the above illustrative example, the initial Fig. 4 Illustration of a simulation of subduction in spherical coordinates obtained with the Accelerated-BEM. In this example, a 6,000 km 9 6,000 km slab of 80 km thickness is subducting down to a viscosity discontinuity of 30 times at 3,000 km depth. The three panels on the right show, respectively, the mesh of the external surface, highly resolved around the subducting slab and the radial absolute velocity at the surface and inside (through a transparent plot). The radial velocity is higher at the trench where it sinks faster, and has a second peak (but with opposite sign) at the wedge. The three panels on the center show the evolution of the slab from the initial configuration to the final in a transparent plot, and the color represent the horizontal velocity. Finally, the last set of figures shows the slab evolution of the same simulation, without plotting the external surface. Colors in this case represent the radial coordinate plate boundaries are chosen all along the main circles, so the plate extends farther at its center, where the width is measured. In order to study the role of Earth curvature, we compare two fundamental models: ''Earth-like'' (radius = ER = 6,371 km) and ''flat Earth'' (radius = 2ER = 12,742 km). Figure 5 illustrates the two setups for the plate 9,000 km wide. All other physical properties are imposed identically for the two models and are displayed in Table 1 .
The viscosity jump at 1,600 km depth has been chosen to correspond to most lower mantle viscosity models. The resolution for the lithosphere is 50 km in the horizontal directions and 40 km in the radial direction, requiring a total of about 40 k boundary elements. The external surface and the mantle transition surfaces are composed of 20,000 boundary elements each, highly refined over the subducting plate, as in the analogue case shown in Fig. 4 .
Results and discussion
During the simulation the trench migrates at a much smaller velocity than the subduction rate, while it reorganizes its shape. The upper panels of Fig. 6 show the view from the top of the planetary surface when about 2/3 of the plate is subducted (2,000 of 3,000 of plate length) for the widest tested plate (W = 9,000 km). Colors show the surface velocity V x , with different saturation for the two models. In the ''flat Earth'' case the distributed background velocity is spread on a larger area, while in the Earth-like model the back flow and the area dragged by the moving plate are more localized. In all cases the plate advances faster in the center and produces a corner flow of a size proportional to the trench width. In front of the trenches the backflow velocity displays two peaks close to the slab edge, but on the ''flat Earth'' case they are isolated and the backflow deformation is distributed, while for the ''Earthlike'' model the peaks are less pronounced and the back-arc flow is more uniform.
The bottom panels of Fig. 6 show the same model, illustrating the boundaries below the Earth surface: the subducting lithosphere and the inner mantle discontinuity appear. The two models once again look similar, except the curvature which is slightly higher for the plate on the Earth-like setting. Furthermore, a closer look at the edges displays a distinct ''hook'' shape for the ''flat Earth'' model, as predicted also by [23] , however in the ''Earthlike'' model the ''hook'' is less pronounced. Our models, therefore, confirm that the trench of a very wide uniformly viscous plate will tend to show as a first approximation an ''S'' shape, as suggested in [32] . However, in the ''Earthlike'' setting the shape of the ''S'' tends to be dominated by the large convex curvature and plate advance, while the concave curvature of the edges is smaller.
The main characteristics of the ''Earth-like'' model appear in the developed deep morphology, plotted in Fig. 9 . While in the ''flat Earth'' case, the slab shape close to the edges is dominated by the ''hook'' shape ( Fig. 7) and numerous small undulations appear in the slab center, in the ''Earth-like'' model, together with the edge ''hook'' shape, a more distinct folding process appears toward the center of the slab (Fig. 9) . Also the increase of the folding amplitude with depth is coherent with the postulated role of earth curvature and lack of space in inducing the inner plate folding. The wavelength arising in the ''Earth-like'' model for the dominant undulations (1,000-2,000 km) is also consistent with a simple stability analysis for viscous folding in an infinite matrix gives an expected wavelength
; which corresponds to a value of 1,600 km. The two initial model setups ''flat Earth'' and ''Earth-like'' are equal under any other aspect, implying Earth'' (bottom) cases for a plate of width W = 9,000 km. The case of a plate with W = 6,000 km is analogous. The initial plate boundaries are chosen all along the main circles so that the plate is widest at its center, where the width is measured that the shown effect is clearly due to the restricted space that the plate has when sinking into the mantle, which creates a background stress that the plates accommodate in a different manner. The wavelength of the fold is of the order O(1,000 km), much larger than the model resolution (50 km), as displayed in Fig. 8 , where the final stage of two runs of the same model (9000 km wide plate subducting in a ''Earthlike'' setting) are displayed. The left and right panels differ only for length of the explicit time step chosen during the simulation. The model on the left underwent a bifurcation characterized by the splitting of one fold of the inner plate, while the result obtained by the model on the right, characterized by a finer time stepping, maintained its symmetry. The morphology of this best model (same as panel B of Fig. 7 ) is illustrated in detail through sections at regular depths in Fig. 8 . In general, however, irrespective of the numerical oscillations encountered, in all the models that we tested we observed the dual behavior characterized by concave edges and complexities in the center of the plates, with wavelength coherent with the above analysis of the fold length. This result shows the importance of Earth curvature in shaping the deep morphology of very wide plates. However, further analysis and parameter searches are necessary to assess the exact role played by and Earthlike versus Cartesian setting.
Conclusions
Fast multipole acceleration of the boundary element method has been applied for the first time as a computational approach suitable for modeling plate tectonics. The code scales linearly with the problem size for large sizes (more than 10 3 elements) and shows a very good parallel behavior that is promising for larger systems. An adaptive mesh algorithm has been developed for reproducing the buoyancy force, within a free surface setting. Exploiting Fig. 6 Top view of the plates for a ''flat Earth'' (left) and for an ''Earth-like'' (right) for the plate 9,000 km wide. In the top panels, the colors represent the velocity in the X direction on the planetary surface, after the plate has subducted by about 2/3 of its length. On the bottom panels the ''look inside'' of the same model is proposed, as the Earth surface is not anymore displayed and only the slab and the deep mantle discontinuity (1,600 km depth) are plotted using the same color diagram Fig. 7 Slab morphology for ''Earth-like'' (top) compared to the one of ''flat Earth'' (bottom) for two plates, one 6,000 km wide (a and a 0 ) and one 9,000 km wide (b and b 0 ). In both cases, a dual behavior is characterized by a concave curvature at the sides and a complex folding in the center. The B model has been tested for different time steps (see Fig. 2 ) and detailed sections of its morphology are displayed in Fig. 2 Fig . 8 Two runs of the same ''Earth-like'' for a plate 9,000 km wide employing a different explicit time step. In the right panel, the result is shown with a finer time step. The mesh is displayed for both examples: the resolution 50 km is much finer for the complex undulations. The model on the left panel shows some asymmetries, while the one on the right is almost perfectly symmetric and its detailed morphology is displayed in Fig. 2 this innovation, for the first time Accelerated-BEM has been employed for modeling subduction at the planetary scale. An illustrative example has been presented for subduction in a viscously uniform Earth and in an Earth with 3,000 km thick uniform mantle.
Our models support the idea that Earth curvature can have an important role during the subduction of very wide plates. Such plates present a lateral hook shape due to feedback with mantle flow [12, 23] , an inhibited trench retreat [35] and consequent surface pattern as an S shape [32] . It has also been already proposed through the comparison with analogue experiments how the slabs beneath the transition zone might buckle [30] . We find that Earth curvature contributes to slab morphology in an important manner, modifying the shape of the subducted slab, which develops a folding structure in the centre of the slab and more pronounced at depth. This bimodal slab pattern in one subduction system (edge at the site, complex folding in the centre) has not been observed in prior numerical models.
A comparison with nature offers also interesting insights. The longest trenches on the Earth are all segmented. The length of most of the arcs in which the Pacific trench is divided is in the range 1,000-2,000 km. Our results suggest that large slabs present more complexities in its center compared to its edges. This might be a more general concept, enabling us to speculate on some of the complexities observed for the widest plates. The slabs of Pacific and Nazca plates could indeed amplify the folding event in the center of the trench, namely in the center of the South-American (Peru-Bolivia) in the East side and in the center of the West Pacific trench, namely Izu-Bonin-Mariana and Japan subduction systems. In the past, at the center of the Thetis plate a similar effect might have also been visible. Fig. 2 ). The solution is symmetric and the development of the the dual behavior (concave curvature at the edges and complexities in the plate center) is present through the entire subducted slab although the complexities amplitude increases with depth
